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Theory of Flame Front Propagation in Porous Propellant
Charges under Confinement

K: K. KUO,* R. VlCHNEVETSKY,t AND M. SUMMERFIELOj
Guggenheim Aerospace Propulsion Laboratories, Princeton University, Princeton, N.J.

Ultra-high burning rates can be achieved by combustion of porous media. A theoretical model is developed to
describe the flame propagation in a packed bed of granular propellant. The calculated pressure-time-distance
transients, wave propagation speed, and mass fraction of propellant burned during flame propagation, all agree
well with experimental data obtained for the same conditions. Results demonstrate that the combustion-generated
strong pressure gradient causes the hot product gas to deeply penetrate the unburned region. A continental divide
forms automatically in the pressure distribution as the wave progresses into the charge. In the particular case
studied, after traversing a distance of 3 cm, the flame front reaches a speed about 5000 times the normal
propellant burning rate and continues to accelerate as the internal pressure increases.

Nomenclature
a = pre-exponential factor for burning rate law
A = cross-sectional area of the porous bed
cd = deterrent concentration
cp = specific heat at constant pressure
C = speed of sound
D = drag force acting on gases by the pellets per unit wetted area of

pellets
E = total stored energy per unit mass
F = function defined in Eq. (35)
g = inhomogeneous terms in the characteristic equation
G = inhomogeneous terms in the governing equation
hc = the average heat transfer coefficient over pellets
hf = enthalpy of gas at adiabatic flame temperature
k = thermal conductivity of gases
kp = thermal conductivity of pellets
mjgn = mass flow rate of igniter
n = number density of spherical pellets in the packed bed or

exponent for the burning rate law
P = pressure
Pc = pressure at void chamber
Pr = Prandtl number
Pw = wetted perimeter
ql = heat loss to the tube wall
r = radius
rb = burning rate of the solid propellant
rp = radius of pellets
rt = tube radius
R = gas constant
Re = Reynolds number
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t = time
T = temperature
Tc = temperature at void chamber
Tf = adiabatic flame temperature of pellets
7^gn = temperature of the igniter gas
Tps = temperature of the pellet surface
T0 = initial temperature of pellets
U = gas velocity
V = 3-vector defined by Eq. (36)
x = distance from igniter face
xe — length of the cylindrical chamber
xp = position at the entrance of the porous bed
ocp = thermal diffusivity of pellets
y = specific heat ratio
9 — weighting parameter for the implicit numerical scheme

(0 ^ 0 g 1)
fi = gas viscosity
p = gas density
pp — density of pellets
TW = shear stress on the tube wall
(j) = fractional porosity (percentage of the void volume)
\l/ = a function of time defined by Eq. (26)

Subscripts
g = gas phase
i = initial value
n = index for discrete points in the spatial direction xn = wAx
o = original condition or cold end condition
p = based upon pellet diameter or signifying pellets
I = along right-running characteristics
II = along left-running characteristics
III = along particle path-line

Superscripts
j = index for discrete time increments, tj = jAt
p = values obtained in the predictor calculations

Introduction§

PRACTICAL solid propellants normally burn at rates of 1-10
cm/sec at pressures of 100 atm. In many applications, how-

ever, propellants with much higher burning rates of 20-50 cm/sec

§ The original manuscript had a rather extensive review of previous
published work on flame propagation in porous charges, on the cor-
relation of such critical conditions in terms of dimensionless physical
groups, and on the various studies made on the mechanisms of
accelerated waves. It was removed in order to save printing space,
but copies can be obtained by writing to one of the authors.
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at 100 atm and 100-250 cm/sec at 1000 atm are required.
Propellant chemists have directed their efforts over the years to
searching for energetic and/or catalytic additives to achieve such
high rates. However, this paper is concerned with a different
approach to this problem, one that is physical rather than
chemical in nature.

In order to obtain the desired ultra-high burning rates just
prescribed, the convective mode of energy transfer is considered;
this is because it is far more effective than the slow conductive
mode of energy transfer which governs the burning rate of most
conventional propellants. Convective heat transfer can be
achieved easily in a porous propellant. It can either be a cast
monolithic propellant with pores or a packed bed of granular
pellets. The hot gas produced by combustion in such a bed can
be driven into the unburned portions by the pressure gradients
generated on the end surface of the charge or inside the porous
propellant grain. The advantage of using porous propellant is
two-fold; one is to attain strong and effective heat feedback from
burned products to the cold unburned propellant so that the
speed of flame propagation is increased, the other is to have a
larger burning area so that high gasification rates can be achieved.
Due to these significant potentials for producing the required
ultra-high burning rates, the subject of porous propellant com-
bustion and the associated hazard of spontaneous transition
from deflagration to detonation have been an area of considerable
interest.

Experimental evidence from the burning of confined columns
of porous explosives indicates that the over-all transient burning
behavior from deflagration to detonation can generally be
divided into four stages.1'2 In the normal burning state, com-
bustion propagates by heat conduction. Because of the penetra-
tion of gaseous products into the pores of the explosives,
combustion carries over to the convective stage. After the flame
has been accelerated for some distance in this convective burning
state, combustion then takes place in the low-velocity detonation
stage; appearance of the latter stage depends upon experimental
conditions. Finally, a shock wave is formed which causes the
abrupt transition into a true detonation.

Combustion proceeding by the conductive mechanism of
energy transfer has been studied quite thoroughly and is well
understood. However, the burning in the subsequent stages is
still not yet clear, since different stages of combustion are
governed by different mechanisms of energy transfer. In addition,
the transitions from one stage to another are due to different
physical effects. As a result, it would be extremely difficult to
set up a single theoretical model which would describe the over-
all transient combustion process. It is believed that without fully
understanding the transient processes occurring in the early
stages, no fruitful results can be directly obtained in studying
transition in the later stages.

IGNITER

VOID SECTION POROUS PROPELLANT BED

Fig. 1 Configuration considered in the physical model.

The purpose of this research is to give a better understanding
of the convective burning and self-accelerating nature of the flame
front in a packed bed of granular propellant. Comparisons be-
tween the theoretical results and Squire's3 previously reported
firing test data with cylinders of packed ball powder are made.
Extremely good agreements are obtained, not only in the various
recorded pressure transients, but also in the observed wave travel
time and the measured amount of propellant consumed during
flame propagation.

Although the analysis does not cover the complete range of
DOT (deflagration-to-detonation transition),4 "19 the theoretical
results for the final stages of the convective burning process do
provide much useful information for interpreting the early part
of the transition-to-detonation process.

Even the convective mode of burning which has been studied
quite extensively in various experiments is still not yet completely
understood. No sound analytical approach has been developed.
This is probably due to the extremely complicated phenomena
involved in the transient burning processes. Physically, the rate of
gasification of a porous propellant is strongly coupled with both
the flow conditions in the gas phase and the heat transfer con-
ditions in the solid phase. The wave front controlled by the com-
bustion of explosives, in turn, affects the penetration of the hot
product gas and hence the heat transfer to the solid. 'Mathe-
matically, the basic partial differential equations describing
unsteady flow of gases through porous media are nonlinear and
inhomogeneous, and no simple closed-form solutions for
specified boundary and initial conditions can be derived. In
addition, the empirical relations that would be required to
describe the heat transfer and the flow resistance in such a
theory are not generally available for the cases considered.

With the advent of the modern high-speed digital computer
and some recent developments in numerical schemes, it appears
promising to set up a theoretical model which can be solved
by numerical methods.

Analysis
Physical Model Description

The model analyzed here is constructed to represent the
following test conditions. An adiabatic cylindrical chamber (of
diameter 0.951 cm and length 3.81 cm) packed with deterred
spherical pellets is considered (Fig. 1). At the left end of the
chamber, there is an igniter which provides a flow of hot gas
into the (plenum) void section, located at the entrance to the
porous medium. The void section serves as a reservoir for the
high temperature gas that flows into the packed bed of spherical
pellets. At the right end of the chamber, there is a diaphragm
(with thickness 0.762 mm) which keeps the chamber closed until
a pressure of about 0.75 kbar is reached.

As the igniter gas is turned on, a fraction of the hot igniter
gas flows from the plenum into the porous bed, heating the
granular pellets and eventually bringing some of them to the
ignition condition. A combustion wave then starts at the
upstream end of the propellant bed. As the ignition front moves
downstream, more hot reacted gas is generated by the com-
bustion of the pellets. The pressure in the combustion zone
increases drastically due to the gasification processes on the
burning pellets surfaces. The rise in pressure will, in turn, cause
the regression rate to increase. Furthermore, the pressure rise in
the combustion zone elevates both the pressure gradient at the
ignition front and the level of gas density there. Hence more
hot gas is driven into the unburned region. This increases the
rate of heat transfer to the pellets ahead of the ignition front.
The still unburned pellets are heated up more and more rapidly.
The ignition front, therefore, moves toward the downstream
direction in an accelerated manner.

As the ignition front propagates downstream, a severe burning
zone in the upstream is created. This is due to the accumulation
of product gas which is generated in the middle of the instan-
taneous combustion zone, since not all the product gas can pass
through the ignition front and flow into the unburned region.
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In addition, the pellets on the left end of the porous bed have
been burning for a longer time than the pellets downstream. The
total burning area is smaller at the upstream portion and hence
can contribute less product gas. This effect is further magnified
by the burning rate law. Therefore, a reverse pressure gradient
exists at the left end of the burning zone and a forward pressure
gradient exists at the right end of the burning zone. A continental
divide in the p(x) curve is hence generated. The product gas, on
the left-hand side of the continental divide, flows from the com-
bustion zone in the opposite direction, compressing the gas in the
plenum. Following the propagation of the ignition front, the
continental divide moves gradually toward the diaphragm.
Because severe burning occurs in the peak pressure region, the
continental divide is usually quite gentle, especially when the
small loading density cases are considered. The appearance of
continental divide in the p(x) curve is an expected feature of
porous propellant burning.

Basic Assumptions
There are three basic assumptions pertinent to the present

analysis: a) Propellant grains are considered to be fixed in space,
as in a firmly compacted and cemented propellant bed. This
assumption drastically reduces the difficulties in the analysis.
Without it, the conservation equations for a mobile condensed
phase must be solved together with the gas phase equations.
The validity of this assumption is given in the section labeled
Discussion of Results, b) The life time of a pellet is considered
to be much longer than the time for an ignition front to propagate
through many columns of pellets. This assumption permits the
consideration of the gas properties inside the reaction zone as
continuous functions of the space variable x. Experimental
evidence in some practical cases confirms that the flame zone
is very thick, c) The flow in the porous medium is considered
to be one dimensional. According to Gipson and Mecek13 there
is only a little irregularity in the time-distance plot of spirally
placed ionization probes. This verifies that the flame front is
approximately planar and perpendicular to the charge axis
throughout the buildup to detonation in their experiments. The
one-dimensional approach has been commonly used in the study
of deflagration to detonation transition,10'13"16 although, there
are cases where the observed flame fronts are not really planar
and steady. Uneven fronts are often observed in the convective
burning regime.8'17"19 This is due to uneven penetrations of the
flame into the interstitial voids in the porous charge. Analysis
of such a complicated problem is unjustified at the present time.

Description of the Mathematical Model
The mass conservation equation is

(1).
The momentum equation is
d(pct)U) d(pcj)U2} =

dt + dx ~
dP

-D (2)

The energy equation written in terms of the total stored energy
per unit mass, E is

d
dt dx ox dx \ dx

The above conservation equations constitute a set of inhomo-
geneous, nonlinear, partial differential equations. In order to
solve the problem economically, further simplifications are
considered.

After an order-of-magnitude analysis, the influence of following
terms is neglected a) heat loss to the tube wall, b) friction force
exerted on the gas by the tube wall, c) work done due to viscous
stress generated from the velocity gradient in the axial direction,

d) heat dissipative term, e) molecular heat conduction from gas to
gas in the axial direction, f) imperfections in the gas equation
of state, g) temperature dependence of constant pressure specific
heat, h) dynamic burning effect on the burning rate, i) tem-
perature sensitivity effect on burning rate, and j) erosive burning
effect on burning rate.

After rearranging the mass and energy equations, and inserting
the perfect gas law the following set of governing equations is
obtained

dU dU 1 dP 3(1-0)

dT-r-
dt

dP

j d T _ dU_
dx dx

3(1-0)T

8P

(y-l)7T7d<ft
(j> dx

,„ rr, . 3d-

',<I>P
-1 (5)

dU yPU d(t> 3(1-- yP -=-*—— -r - -5—
ex dx q> ox r<p - l)hc(T-

(6)

The unknowns of these three governing equations are the gas
velocity U, temperature T, and pressure P. The fractional porosity
(j> is also an unknown, but since it varies slowly in comparison
with U, T, and P, it is calculated separately in terms of instan-
taneous pellet radius according to the following equation

The instantaneous pellet radius at position x and time t is deter-
mined from

r (t, x) = r,(Q, x) - rb(i,x)dt (8)

Three initial conditions are required for solution to the coupled
equations (4), (5) and (6). For an initially uniform quiescent state
in the bed, the conditions are

17(0, x) = 0, 7(0, x) = T0, P(0, x) = P0 (9)
where T0 and P0 are the initial gas temperature and pressure in the
porous bed.

The number of boundary conditions required to specify the
physical problem depends upon the flow conditions at both ends
of the porous bed.22-23 Since the current analysis covers only the
convective burning processes preceding the burst of the
diaphragm, the boundary condition at the diaphragm end of the
porous bed is

V(t.xJ = 0 (10)
When the gas is flowing from the void section into the porous

bed, two other boundary conditions should be specified at the
entrance xp to the porous bed. The gas temperature and pressure
at xp are

(11)T(t,xp)=Tc(t)-[U(t,xp)2/2Cp-]
P(t, xp) = PC«[7U xp)/Tc(t)y/(7~ 1} (12)

The velocity U(t, xp) is one of the extraneous boundary condi-
tions which is determined by the method of characteristics. The
chamber pressure Pc(t) and temperature Tc(t) are determined
from the conservation equations for the void section. These
conservation equations and their initial conditions are given in
the next section.

After the combustion process has started in the porous bed,
the igniter mass flow is cut off; the gas pressure at the forward
end of the porous bed then rises higher than the chamber pressure,
so that a fraction of the hot product gas flows backward into the
void section. After the gas velocity U(t, xp) changes sign from
positive to negative values, the boundary condition at xp is
different from that discussed previously. The stagnation tem-
perature at xp is no longer equal to the gas temperature in the
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void section. There is only one boundary condition which is
required and available to specify the flow condition at the igniter
end of the porous bed. This boundary condition is

P(t.xp) = Pc(r)[l + {L/(r).xp)2/2Cpr(r,xp)}]-^-1 (13)
From the continuity and energy equation for the void section,

the rate of change of stagnation pressure and temperature are
derived as
dPe(t) _yRTign .
__- _ -7—^(f)

(14)

(15)

The two initial conditions for this pair of equations are simply
Pc(0) = (Pc)0 (16)

It is important to note that the terms on the right-hand side of
both Eq. (14) and Eq. (15) do depend upon flow properties and
conditions at xp. Unless the gas velocity, temperature, and
pressure are already determined by some other relations, the
above pair of ordinary differential equations are always coupled
with additional equations which must be solved simultaneously
with Eqs. (14) and (15). In searching for these additional
relationships, the nature of the governing partial differential
equations are studied.

It is found in the study that the eigenvalues of the system
are three distinct real numbers under any conditions; the
governing equations are hence totally hyperbolic in form. The
characteristic directions are described by

(dx/dt\ = U + C, (dx/df)u = U-C, (dx/dt)m =U (18)
The characteristic equations along the right- and left-running
Mach lines are

. C_
'yP

l-d>) C

CU

3(1-0) (y-l)pCU2

2yP
(19), (20)

The equation along the particle path-line is

3(1-</>)
PCtTf-T)+P

hc\3-^-^(T-Tps)\(dt)m (21)
I p T -1

The characteristic equations (19-21) are the additional relation-
ships required to relate the flow properties on the boundary of
the domain of interest.

The heat equation for unburned spherical pellets at a fixed
location is

dT/dt = (ap/r) d2(rT)/dr2 . (22)
the initial condition for the heat equation is

7X0, r) = T0 (23)
Because the thermal wave penetration depth into the propellant
for the over-all interval of the pressure transient is only a small
fraction of the unburned pellet radius, the temperature at the
center of every pellet can be considered constant, i.e.,

T(t, 0) = T (24)

The other boundary condition prescribed at the outer surface of
the pellet is coupled to the gas phase conditions

(dT/dr)(t,rp) = [MOAjJTO- T(t,rp)-] (25)
The problem described by Eqs. (22-25) is solved here by an

approximate integral method, to obtain the surface temperature
Tps required in Eqs. (5, 6, and 19-21). The temperature within a
pellet is approximated by

T(t,r}=T0e<^'i',-TJ(t)r/rp (26)
where \f/(t) is an unspecified function of time to be determined
through numerical integration. This proposed temperature distri-
bution for various times automatically satisfies the boundary
condition at the center of the pellet and simultaneously satisfies
the symmetric condition that the temperature gradient at the
center be zero. The pellet surface temperature is obtained by
setting r = rp in Eq. (26), that is

Tps(t) = T(t,rp) = To[e'^-^(t)-] (27)
After substituting Eq. (26) into Eq. (22) and performing integra-

tion with respect to r from r = 0 to r = rp, a first-order ordinary
differential equation for ij/(t) is obtained, that is

-W)- 1

dt (28)

The initial condition deduced from Eq. (23) is
iA(0) = 0 (29)

However, with this initial condition, the solution \l/(t) will be
identically zero for all L To avoid this, the isolated singularity
at t = 0 is suppressed by setting

iA(0) - e (30)
where 8 is any small number. It is found that in using the
assumed temperature profile as a function of time and pellet
radius given by Eq. (26), the solution is not sensitive to the
value of e. It is therefore proper to replace the initial condition
in Eq. (29) by Eq. (30).

As the pellets are considered to be heated uniformly from all
directions, the regression in radius due to the burning of the
double base propellant is also taken as uniform. A simple
propellant burning rate law

rb = aP" (31)
is used for burning pellets. The burning rate coefficient, a,
and exponent, n, are both functions of deterrent concentration
at the burning surface. For a given deterrent distribution in a
spherical pellet, the deterrent concentration at the instantaneous
burning surface is determined uniquely by the instantaneous
outer radius of the pellet in question. Hence a and n are implicit
functions of pellet radius.

The expression for the drag per unit wetted area of pellets
(D) is deduced from the Ergun's equations20 for the pressure drop
correlation in a nonfluidized packed bed of spheres. It is

D = (pU\U\/6(l>){l50(l-<t>)/Rep+l.l5} (32)
Rep designates the Reynolds number based upon the diameter
of pellets. Equation (32) is valid for the Reynolds number
range between 1 and 3000 and porosity range between 0.4 and
0.65. The first part in the bracket of Eq. (32) is contributed by
the viscous stress and the constant 1.75 is the contribution due
to profile drag. The heat-transfer coefficient (hc) is deduced
from Denton's heat transfer correlation21

Nup = 0.8Kep°-7Pr1/3 (33)
for flow passing through a packed bed of spheres with Reynolds
number in a range between 500 and 50,000 and for porosity
around 0.37; hc is expressed in the following form

he = 0.65(/c/rp)[p 11/| </>rp/M]°-7Pr1/3 (34)
An ignition criterion which can be easily applied to the pro-

pagation of an ignition front over a porous propellant is the
attainment of two critical temperatures at the spherical pellet
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surfaces. The lower critical value corresponds to the ablation
temperature, while the higher one represents the ignition tem-
perature of the solid. This is an extremely simplified view of the
complex events that lead to ignition, yet it is still justified, since
the time required to heat up a pellet to its ablation temperature
is much longer than the time required to reach the full ignition
condition (from initial ablation).

Numerical Solution
The equations integrated as a simultaneous system are the

three governing equations (4-6), the two equations of the void
section (14) and (15), and the pellet surface temperature equation
(28). In simple form, the governing equations may be rewritten as

dV/dt = F(V, t) dV/dx + G(V, t) (35)
where V is the 3-vector

(V(t.xj\
' = \T(t,x) 1 (36)

F is a 3 x 3 matrix of functions, and G is the 3-vector formed
by the inhomogeneous terms. To solve the governing partial
differential equations numerically, central differences in space
and a generalized implicit differences scheme in time are utilized.
Let Vn

j'^ V (/At, nAx). Then the principle of the differences
algorithm may be expressed by

At 2Ax

(1-0)- 2Ax
(37)

where the factor of 9 in the right-hand side is implicit, and the
factor of (1 — 0) is explicit, and where the nonlinear functions F
and G are evaluated at some intermediate point in [/At;
(/+ l)Af] as described in Eqs. (38) and (39).

Two features of interest of the numerical program are a) the
use of a quasilinearization technique to deal with the non-
linearities in the implicit terms of Eq. (37), and b) the treatment
of the boundary conditions by a method of characteristics.

Quasi-Linearization and predictor-corrector scheme
A reason for the implicit formulation (37) is in the greatly

improved numerical stability properties of this approach. But the
implicit equations must be linear in Vj+1 to allow for the use
of regular matrix inversion algorithms. To permit this, the
inhomogeneous term G is replaced by linearized forms in a
predictor-corrector sequence described by

Predictor

Corrector

2Ax

2Ax

Vn> ~ ̂  = Fn
s+0 9 F"/+1~F"'-1

At [_ 2Ax

(1-9) 2Ax

f0/2

(39)

where the ( )j+e quantities are functions of the argument
[9(Vn

j+1)p + (l-9)Vn
r\ and the ( )j+0/2 quantities are functions

of the argument [Vn
j+9{(Vn

j+l)pVn
j}/2'].

In each instance, the matrix inversion algorithms utilized to
obtain the solution to the linear implicit equations (38) and (39)
was the block-tridiagonal factorization method.24 Because the
equations are strongly dominated by the nonlinear inhomo-
geneous terms, it has been found that the use of predictor-
corrector method, combined with the quasilinearization pro-
cedure for the treatment of those inhomogeneous terms greatly
enhances the stability and accuracy properties of the algorithm.

Extraneous boundary conditions and their treatment
The technique of central differences in space utilized for the

hyperbolic system (35) has the property to require that 6
boundary conditions be given, whereas the original equations
have their solution defined by 3 boundary conditions only. In
fact, it may be shown, that the difference equations (37) are
consistent with a hyperbolic system which is not of the third
order as the original system (35) is, but of the sixth order
(Ref. 25).

The additional boundary conditions required by the difference
equations are called extraneous boundary conditions. They are
generated in the program by invoking analytical properties of the
solution of the governing equations, namely by solving the latter
by the method of characteristics at the boundaries. (It should
be noted that one-sided differences in space do not generate
extraneous boundary conditions. But they become numerically
unstable when the direction of flow is reversed, which prevents
their use in the present case.) In the subsonic, positive input
flow, the two boundary conditions T(t, xp) and p(t, xp) are related
to the solution of the void section differential equations. There
is one left-running characteristic (the Mach-line corresponding
to the characteristic value (U — C)) along which the compatibility
condition is used to generate the extraneous boundary condition
U(t,xp). This compatibility condition is

(dU/dt)n = (C/yP) (dP/dt)n + g(P,T, 4, U) (40)
where g(P, T, $, U) is the contribution of the inhomogeneous
terms, and the total derivatives (d/dt)u are taken along the left-
running Mach line. The equation (40) is integrated by a classical
Runge-Kutta 4 integration algorithm, in one or two time
increments.

When the input flow sign changes, the particle path-line
becomes a second left-running characteristic line at xp. The
second extraneous boundary condition is then generated by
integration of the compatibility condition along this line in a
manner similar to the preceding.

Discussion of Results
Figure 1 represents the test apparatus used by Squire.3 Gl,

G2, and G3 are the three pressure gages for recording the
pressure traces at the prescribed locations along the porous bed.
The recorded data from a typical firing26 are shown in Fig. 2.
These pressure traces indicate that the gage Gl senses the com-
pression wave much sooner than the gages at downstream
positions. The Gl reading after the igniter cutoff (around 0.16
msec) decreases and then after about 0.2 msec increases at a
slower rate. This rate of increase of pressure then becomes
higher and higher and the pressure reaches a peak value at
0.65 msec. The G2 curve after a time lag of 0.25 msec climbs
at a faster rate than Gl and eventually overtakes it. The G3 gage

3.0

-2.0

0.4 0.8 1.2
TIME ,t , msec

1.6

Fig. 2 A typical set of pressure-time traces recorded in Squire's
experiments.
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4.0

3.0

•2.0

1.0

CALCULATED INSTANT OF
DIAPHRAGM RUPTURE -

MAXIMUM PRESSURE
__ THE DIAPHRAGM CAN WITHSTAND

LOCUS OF IGNITION FRONT
x=0.635 cm

0.1 0.2 0.3 0.4
TIME , t , msec

0.5 0.6 0.7

Fig. 3 Predicted readings of pressure time at several locations.

senses the pressure rise the latest and then reaches an extremely
sharp rise in pressure. Finally G3 overtakes both Gl and G2.

Due to the inertia of the pellets and also the resistance
between the granular bed and the chamber wall, the mobility of
pellets is relatively small even under a significant reverse pressure
gradient. This results in a further increase in pressure gradient.
At 0.6 msec after the onset of igniter flow, the irregularity in the
G3 curve begins. The decrease in pressure at G3 is probably
due to the motion of some pellets toward the igniter end of the
chamber. The free volume in the upstream portion then becomes
smaller and results in a pressure rise in both G2 and Gl. The
second peak in the G3 curve is generated by the forward pressure
gradient, which causes more hot product gas and also some
pellets to move toward the diaphragm. At the moment this second
peak pressure in G3 is reached, the pressure at the diaphragm
has just reached the maximum level the diaphragm can with-
stand, the diaphragm then breaks. From then on, granular
propellants together with hot combustion product gases rush out
of the chamber. The pressure in the chamber decays and the
gradients along the chamber diminish with time. The phenomena
after the burst of the diaphragm are not treated in this analysis.

Although it is believed that the pellets do move during the
last 0.06 msec interval before the burst of the diaphragm, the
motion of pellets is restricted in the very limited space.

In the numerical calculations, the igniter mass flow rate begins
with a value of 22.7 g/sec and increases linearly to a constant
value of 145.3 g/sec in 0.04 msec. The igniter flow begins to
decrease linearly at 0.1 msec and it is completely cutoff at
0.18msec.

The predicted readings of pressure vs time at several loca-
tions are shown in Fig. 3. The calculated pressure trace at the
igniter end also shows a pressure hump due to the igniter cutoff.
Just as in the experimental data, the pressurization process at the

Na I THROUGH 9: EXPERIMENTALLY
MEASURED TRACES

0.3 0.4
TIME, t , ms«c

Fig. 5 Comparison between the theoretically predicted pressure-time
curve and the experimentally measured traces by gage no. 2 in nine

separate firings.

downstream portion produces a faster rate of increase eventually
overtaking the upstream pressure trace.

The predicted pressure traces at the corresponding locations
of Gl, G2, and G3 are individually superimposed on top of
experimental data for several separate firings, made with exactly
the same test conditions on Figs. 4-6. In Fig. 4, the calculated
pressure trace at Gl lies just in between these separate firing
data. In Fig. 5, a major portion of the predicted pressure trace
at G2 again lies in between these firing data, but in the early
part of the transient solution, the calculated value of pressure is
lower than that measured. This is probably due to the fact that
the empirical correlation used for the drag term in the packed
bed of inert spheres may result in higher resistance than the
real test condition. The comparison between experimental and
theoretical results in Fig. 6 reveals the same trend. That is, the
calculated pressure at G3 begins to rise at a later time than the
experimentally measured results. Although the comparison at G3
is less satisfactory than those at Gl and G2, the slope of the
pressure vs time curve at G3 is very close to what was measured.
Also, the time lag for the predicted sharp pressure rise at G3 is
only 11% off from the measured time lag.

Another comparison between the calculated results and the
true firing data is made on the rupture time of the diaphragm
at the right end of the porous bed. The analytical calculation
ceases as soon as the calculated pressure at the diaphragm
reaches a critical value of 0.75 kbar. According to the calculated
results, the diaphragm breaks at 0.609 msec which is in very close
agreement with the average value of 0.64 msec from the actual
measured rupture times in these separate firings. Note that the
measured rupture time ranges from 0.565 msec to 0.682 msec so

THEORETICALLY PREDICTED PRESSURE TRACE -
No. I THROUGH 9: EXPERIMENTALLY
MEASURED TRACES

0.1 0.2 0.3 0.4 0.5 0.6 0.7

Fig. 4 Comparison between the theoretically predicted pressure-time
curve and the experimentally measured traces by gage no. 1 in nine

separate firings.
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Fig. 6 Comparison between the theoretically predicted pressure-time
curve and the experimentally measured traces by gage no. 3 in nine

separate firings.
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Fig. 7 Calculated pressure distribution at various times.
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that the theoretical prediction is actually within experimental
accuracy.

In addition, the calculation shows that only 19.8% of the
propellant in the chamber is consumed before the rupture of the
diaphragm. This result is also in good agreement with the
measured value of around 16%.

The calculated pressure distributions at various times are
shown in Fig. 7. The variations in pressure distributions
delineate an acceleration of pressurization everywhere inside the
chamber. The effect of increase in the rate of pressurization is
most pronounced near the right end of the chamber. The locus
of ignition front passes through the inflected points on P(x)
curves. The highest pressure gradient occurs at the ignition front,
because the pressure gradients are effectively reduced due to heat
release processes in the burning zone behind the ignition front,
and also the pressure decays along the axial direction in
penetrating the porous medium. Following the advancement of
the ignition front, the continental divide, created from gaseous
accumulation in the middle of the burning zone, moves also
toward the right end of the chamber.

Along the locus of ignition front, the pressure gradient
increases with time. This is mainly caused by the pressurization
processes behind the ignition front. The effect of steepening in
the pressure profile at the combustion wave front facilitates the
penetration of the hot product gas into the unburned region.
At the left side of the continental divide, the product gas driven
by the reverse pressure gradient flows into the void section.
Since the gas inside the void section is assumed to be homo-

Fig. 9 Calculated gas velocity distribution at various times.

geneous, the calculated pressures for various times in the void
section is uniform.

The calculated temperature distribution at the times cor-
responding to those in Fig. 7 are plotted in Fig. 8. The
temperature in the combustion zone is more or less constant,
except in the void section and its neighboring region. The higher
temperatures in these portions are due to the chamber filling and
compression effect produced by the reverse pressure gradient on
the left-hand side of the continental divide. Because of the strong
cooling effect in front of the ignition point, the gas temperature
drops sharply to the ambient temperature. The temperature rise
at the diaphragm is mainly due to the compression effect. This
compression effect ahead of the flame is created by the accelera-
tion of convective burning, which becomes more pronounced as
the ignition front approaches the diaphragm.

In Fig. 9, the velocity distributions at various times are
plotted. The peaks in these velocity distributions are generated
by the maximum pressure gradients at the inflection points on the
pressure distributions. Therefore, the locus of ignition front on the
velocity distributions connects the peaks at various times.

Figure 10 shows the calculated position and speed of flame
front versus time. After the igniter cutoff effect, the ignition
front accelerates very rapidly in the axial direction. Close to
the diaphragm, the acceleration is on the order of 1.2 x 106 m/sec2.
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Fig. 8 Calculated gas temperature distribution at various times.
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Fig. 10 Calculated position and speed of the flame front as a function
of time.
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Conclusions
1) A successful theoretical model has been developed to

describe the transient flame spreading and convective burning
processes in a packed bed of granular pellets. 2) Stable, fast
convergent numerical schemes were used in solving the com-
plicated mathematical model. A combined utilization of finite
difference and characteristic methods has been found to be a very
useful method in handling hyperbolic partial differential equa-
tions and their extraneous boundary conditions. 3) The pressure
transients predicted by numerical calculation are in close agree-
ment with the P(t,x) results obtained experimentally. The
theoretical prediction of the rupture time of the diaphragm,
which seals the chamber at the end opposite the igniter, is also
in very good agreement with the actual measured rupture times
from separate firings. This indicates agreement between the
predicted and measured speed of propagation of the convective
burning wave. Moreover, the predicted percentage of propellant
consumed during the flame spreading interval also compares
favorably with the actual measured values. 4) The main features
of the combustion waves are: a) driven by the internal pressure
gradient, the flame advances by convection into pores; b) in the
physical model considered, flame speed is never constant, the
wave accelerates continuously; c) the pressure distribution
displays a continental divide, where gas flows in opposite
directions from peak; d) the flame zone is very thick and is
determined by the gas permeability and particle size. 5) Burning
velocities on the order of 1000 times the normal propellant
burning velocities can be controlled and applied to rocket
propulsion. The calculated speed of the transient flame front
near the diaphragm location is 0.15 mm///sec, which is still lower
than that of LVD (on the order of 1 to 2 mm///sec). However,
if a longer chamber length, together with a stronger diaphragm,
is used, the speed of the flame front may quickly reach the
value in the transition to LVD region. Hence, this investigation
may also pertain to the initiation of LVD and DDT.

Appendix
The numerical values used in the theoretical calculations are

as follows
rt = 0.476 cm
xp = 0.579 cm
rp =0.267 mm
T°0 = 294°K
R = 0.02926 cal/g-°K
ju = 0.223 x 10"3g/cm-sec
^ablation = 450°K
cd(rp) = 12.5% 9~ =0.6
The thickness of deterred layer is equal to 0.0534 mm. The
burning rate law for 30% deterred propellant is r, = 1.871P0-802

and for undeterred propellant is rb = 12.1P°-886^ where P is in
kbar and rb in cm/sec.

The chemical composition of the ball propellant used in the
experiments is tabulated in Table 1.

v

pp = 1.6g/cm3</>0 =0.377
xf = 3.81 cm y = 1.26

- 2860°K 7Jgn - 2645°K
- 1 atm Pr = 0.7

kp = 5.3 x 10"4 cal/cm-sec-°K
cc = 0.35 cal/g-°K
^ignition = 615°K

Table 1

Ball propellant ingredients %

Nitroglycerin 9.71
Dinitrotoluene 0.71
Diphenylamine 0.90
Dibutylphalate 5.96
Nitrocellulose (13.15% N) 81.05
Moisture and volatiles 0.85
Residual solvent 0.29
Calcium carbonate 0.46
Sodium sulfate 0.07
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